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Abstract
Performing lattice simulations of the four-dimensional SU(2) gluodynamics we find evidence for existence of three-
dimensional domains whose total volume scales in physical units. Technically, the domains are defined in terms of the minimal
density of negative links in Z(2) projection of gauge fields. The volume can be viewed also as the minimal volume bound by
the center vortices. We argue that the three-dimensional domains are closely related to confinement.
 2005 Published by Elsevier B.V.
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Open access under CC BY license.1. It is a general trend in modern theoretical
physics to consider extended objects, like strings
and membranes. Usually, one applies these ideas to
hypothetical, high-dimensional completions of the
four-dimensional world. However, lower-dimensional
structures might also exist in four dimensions. At
present time there is no well developed theory which
would predict such structures. However, there is ac-
cumulating evidence obtained within the lattice QCD
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Open access under CC BY that there are lower dimensions objects percolating
through the vacuum of four-dimensional Yang–Mills
theories. We have in mind, in particular, monopoles
and P -vortices, for review see, e.g., [1,2]. The length
of the percolating monopole cluster Lperc scales in
physical units [3]:
(1)Lperc ≈ (30.8) (fm)−3V4,
where V4 is the volume of the lattice. Similarly, the
area of the P -vortices scales in the physical units [4]:
(2)Avort ≈ 24 (fm)−2V4.
license.
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time [1,2] but were not originally interpreted as an
evidence for existence of structures of lower dimen-
sions. The reason is that mostly monopoles and vor-
tices were thought of as being ‘bulky’ field configura-
tions with typical sizes of order Λ−1QCD. It is only rather
recently that it was recognized that at least at presently
available lattices they do look actually as infinitely
thin trajectories and surfaces, i.e., represent physical
structures of lower dimensions. The basic observation
which leads to this conclusion is that the monopoles
and vortices are distinguished by ultraviolet divergent
action, see, in particular, [4,5]. In view of this there
arises a highly non-trivial question on the consistency
of the observations with the asymptotic freedom at
short distances. The data appear to be consistent with
the asymptotic freedom [6].
There is no regular way to search for lower-
dimensional defects in the vacuum state of a lat-
tice gluodynamics. Historically, the monopoles and
P -vortices are singled out since they emerged as
candidates for confining field configurations. Both
monopoles and P -vortices are defined in terms of pro-
jected fields. In case of the monopoles one uses max-
imal Abelian projection while in case of P -vortices
one projects the original SU(2) fields onto the closest
Z(2) gauge field configuration. The use of a projection
makes theoretical analysis on the fundamental level
difficult. Results (1), (2) are empirical observations.
In this Letter we are looking for possible defects us-
ing negative links as the scanning means. Namely, we
use first a Z(2) projection and then minimize the num-
ber of the negative links by the residual Z(2) gauge
transformations. The motivation for such a procedure
as well as first encouraging results can be found in [7].
In brief, negative links correspond to large potentials,
A ∼ 1/a in the continuum limit. Minimizing poten-
tials, on the other hand, might result in gauge invariant
quantities, for a related discussion see [8].
We find, indeed, that the negative links, after mini-
mization, occupy a part of the lattice which scales as a
3d volume in physical units:
(3)V3 ≈ 2.11 (fm)−1V4.
To check the projection (in)dependence we perform
measurements both in the direct- and indirect-maximal
center projections (DMCP and IMCP). The details of
calculations are given in Appendix A. As a result ofSU(2) → Z(2) projection, the original SU(2) field
configurations get projected into the closest configura-
tion of Z(2) gauge fields. The remaining Z(2) gauge





with respect to Z(2) gauge transformations (Zx,µ →
zxZx,µzx+µˆ, zx = ±1). In analogy with the lattice
U(1) Landau gauge fixing the maximization of the
functional (4) is called Z(2) Landau gauge fixing.
Note that after the Z(2) projection we get an effec-
tive Z(2) gauge theory with some complicated (non-
local) action. The analogy between standard Z(2) and
SU(2) gauge theories is not complete. On one hand,
it is known since long (for references and update
see [12]) that the string tension in Z(2) gauge theory
is controlled by the probability p for a plaquette to be
pierced by percolating cluster of central vortices,
(5)σ = −1/a2 ln(1 − 2p),
where a is the lattice spacing. Assuming Z(2) dom-
inance, one can apply this relation in case of SU(2)
gauge theory. The probability p is indeed of order
a2(ΛQCD)2 and the string tension in Z(2) projection is
(40–70)% of the full non-Abelian string tension (see,
in particular, [9]). On the other hand, it is known that
the phase transition from confinement to deconfine-
ment in the Z(2) case is of first order. The scaling laws
which we are observing in the SU(2) case are typical
for the second order phase transition.
2. Our results for the negative links in Z(2) Lan-
dau gauge are shown in Fig. 1. The negative link
is dual to a 3d elementary cube, the collection of
these cubes form a 3d volumes which is bound by
P -vortices (which also belong to the dual lattice).
The Z(2) Landau gauge corresponds to minimiza-
tion of the volumes spanned on Z(2) gauge invariant
P -vortices. Thus, it appears that there exists a three-
dimensional volume on the dual lattice whose volume
scales in the physical units, the fit of the data (horizon-
tal lines on Fig. 1) gives 2.18 ± 0.02 (χ2/Ndf = 1.5)
for IMCP and 2.01 ± 0.04 (χ2/Ndf = 2.8) for DMCP,
the average of the data for IMCP and DMCP gives (3).
Let us emphasize that our results does imply that
there is a strong correlation between the negative links.
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of the lattice as the function of lattice spacing. The statistical errors
are inside points.
Indeed, plaquettes dual to P -vortices do have nega-
tive links by definition. If we had isolated negative
links, then their number would be less than the number
of negative plaquettes (six negative plaquettes corre-
spond to each isolated link). The data indicate (cf. rela-
tions (2) and (3)), on the other hand, that the number of
negative links is larger than the number of the negative
plaquettes. This could be interpreted only as indication
that there are many plaquettes with two or four nega-
tive links so that they do not contribute to the density
of the P -vortices but do contribute to density of the
negative links.
3. Let us mention again that the action associated




, Smon ≈ 1.9Lperc
a
,
where Svort = β(1 − 12 〈TrUvortP 〉) is measured on the
plaquettes UvortP dual to P -vortices. The action Smon =
β(1− 12 〈TrUmonP 〉) is measured on the plaquettes near-
est to monopole currents.
However, the ultraviolet divergence of the action on
the plaquettes belonging to the 3d volume would con-
tradict QCD (for a related discussion see [6]). We have
measured this action, S3d, and found that, indeed,
(7)〈S3d〉 − 〈S〉withoutPVlattice ≈ 0,
in agreement with theoretical expectations.4. Now, we will argue that the 3d volumes dis-
cussed above might be relevant to the mechanism of
the confinement and chiral symmetry breaking. In-
deed, let us remind the reader procedure introduced
in Ref. [10]. One determines Zx,µ variables (see, e.g.,
Appendix A below) and then replaces the original link
variables Ux,µ by new matrices U˜x,µ defined as
(8)U˜x,µ ≡ Ux,µZx,µ,
where the Z factors are ±1. A remarkable observation
of Ref. [10] is that both the string tension and quark
condensate evaluated by using U˜µ matrices vanish.
Usually this procedure is dubbed as ‘removal’ of
the P -vortices. Note, however, that the total area of
vortices scales in physical units and in this sense they
represent d = 2 defects. Moreover, the Wilson line is
obviously a d = 1 subspace. Thus, in d = 4 the sub-
spaces d = 1 and d = 2 do not intersect at all, gen-
erally speaking. For a local change (like (8)) to affect
the Wilson line one should change fields at least on a
d = 3 subspace. Thus, no local change of the plaque-
ttes belonging to the vortices can eliminate confine-
ment. The resolution of the paradox is that the field
modification (8) affects originally links, not plaquettes
directly.
Thus, one can ask what is the minimal number of
links which are to be changed to eliminate confine-
ment through the procedure (8). In this way we come
back to the 3d volume considered in the bulk of the
Letter. Moreover, on average the number of intersec-
tions of a Wilson line with the d = 3 volume is given
by (see Fig. 1 and Eq. (3)):
(9)〈Nintersection〉 ≈ 0.53 PWfm ,
where PW is the perimeter of the Wilson line. Note
that the number of the intersections (9) does not de-
pend on the lattice spacing a.
It is worth emphasizing that if one chooses ran-
domly links where the sign of the matrix Ux,µ is
changed then the area law cannot be affected and only
extra dependence of the Wilson loop on the perime-
ter could be generated. Thus, elimination of the con-
finement through multiplication of the Wilson loop by
(−1){number of intersections} is possible only in case of a
coherent effect. In this context, one can claim these 3d
defects to be responsible for the confinement.
A.V. Kovalenko et al. / Physics Letters B 613 (2005) 52–56 55Originally [10] the change (8) affected approxi-
mately half of the total number of links. Using Z(2)
Landau gauge we see now that it is enough to per-
form the change (8) on a 3d submanifold of the whole
4d space to kill the confinement and chiral symmetry
breaking. In other words the percentage of links to be
changed tends to zero in the continuum limit. Thus, we
observe a kind of holography, with information on the
confinement being encoded on a submanifold of the
whole space.1
In more detail, consider a plane on which we will
draw a Wilson line. Consider, furthermore, a particu-
lar configuration of the gauge fields generated with the
standard SU(2) action. Determine then the 3d volume
described above. Intersections of this volume with the
plane considered are segments of 1d curves. Now, we
can draw any Wilson line on the plane. The state-
ment [12] is that the sign of the Wilson line can be
determined by counting the number of intersections
with segments of 1d defects. It is a highly non-trivial
observation, challenge to interpret. Note that there is
no logical contradiction, though. It seems reasonable
that there are gauges where the confining fields are
soft, of order Aµ ∼ ΛQCD. Apparently, one can use
gauge invariance to choose a gauge where the con-
fining fields are of order Aµ ∼ g/a but occupy a 3d
volume.
Let us underline that usually one searches the ex-
planation of the confinement, and argue that mono-
poles, or center vortices are the objects responsible
for confinement [1,2]. We follow inverse logic [10],
changing non-Abelian fields on a submanifold in such
a way that the string tension vanishes. One claims then
that the field configurations which were changes are
responsible for the confinement. To substantiate the
claim, one has to prove that changing fields on a ran-
dom submanifold with the same number of points does
not affect confinement. Since we found that our sub-
manifold constitutes a vanishing part of the total vol-
ume in the limit a → 0 it is straightforward to argue
that the random change cannot affect confinement.
Of course the above discussion does not rule inter-
pretation a la Bohm–Aharonov effect (which is related
1 Some considerations on possible relation between gauge in-
variance and holography in the gravitational case can be found in
[11].to the linking number of the surface with magnetic
flux and the Wilson line in 4d space [13]). Indeed, it
is not possible to eliminate 3d volumes without elim-
inating their boundary, the P -vortices. Moreover the
modified Wilson loop W ′ = Tr∏l∈C{U ′l } can be ex-
pressed through the initial Wilson loop, W , as:
(10)W ′ = exp{iπL(P,C)}W,
here L is the 4d linking number of the surface of the
P -vortex, P , and the Wilson contour C. L can be ex-
pressed as the number of intersections of C with the 3d
volumes, or as the integral over P and C.
All our remarks on the role of the 3d volumes in
the confinement mechanism apply also in case of the
quark condensate. It is worth noting that thee exist
independent data which indicate relevance of lower-
dimensional vacuum defects to the chiral symmetry
breaking. Namely, there is evidence in favor of long
range topological structure in QCD vacuum which is
related to chiral symmetry breaking [14]. Most re-
cently, it was shown that the inverse participation ratio
measured for (nearly) zero modes of the Dirac opera-
tor corresponds to localization on a submanifold [16].
In both cases [14,16] the procedure is explicitly gauge
invariant. It is tempting to assume that in all the cases
we deal with manifestations of one and the same vac-
uum defects. However, there is no direct evidence to
support such a hypothesis.
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Appendix A
We perform our calculations both in the Direct
[15]—and the Indirect [12]—Maximal Center Projec-
tions (DMCP and IMCP). The DMCP in SU(2) lattice
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Parameters of configurations
β Size NIMCP NDMCP
2.35 164 20 20
2.40 244 50 20
2.45 244 20 20
2.50 244 50 20
2.55 284 37 17
2.60 284 50 20






with respect to gauge transformations, Ux,µ is the
lattice gauge field. Maximization of (A.1) fixes the
gauge up to Z(2) gauge transformations and the cor-
responding Z(2) gauge field is defined as: Zx,µ =
sign TrUx,µ. To get IMCP we first fix the maximally











with respect to gauge transformations. We project
gauge degrees of freedom U(1) → Z(2) by the proce-
dure completely analogous to the DMCP case, that is
we maximize F1(U) (A.1) with respect to U(1) gauge
transformations.
To fix the maximally Abelian and direct maxi-
mal center gauge we create 20 randomly gauge trans-
formed copies of the gauge field configuration and ap-
ply the simulated Annealing algorithm to fix gauges.
We use in calculations that copy which correspond to
the maximal value of the gauge fixing functional. To
fix the indirect maximal center gauge from configura-
tion fixed to maximally Abelian gauge and to fix the
Z(2) degrees of freedom one gauge copy is enoughto work with our accuracy. We work at various lattice
spacings to check the existence of the continuum limit.
The parameters of our gauge field configurations are
listed in Table 1. To fix the physical scale we use the
string tension in lattice units [17], √σ = 440 MeV.
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